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1. e Because S (and 1+ 3% + 5% + ...) are absolutely convergent series, the order of the terms
can be changed without changing the value of the sum. Thus
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2. e Put ¢ = 0 in the given series.

Thus y (z,0) = Zan sin (?)
n=1

3hz/l (0<x

/AN
Wl =

)

Also, we are given that y (z,0) = 1
3h(l —x)/2l (gl <z <)

and that g (z,0) = 0.
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e The total energy is £ = > E,. By the last result in Q1,

n=1

e By (2.20), the energy E, in the n'* normal mode is
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o gin? (T 272
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n=1

FE =

e This must be equal to the work done in displacing the string to its initial position because

energy is conserved. By (1.8) this work done is:
1

el e ()]
SUGESICE

1 {9h2l 9h22l}_ 9pc2h?

= —p 73 + e 1 as required.

[N.B. We have shown that

_ 9h >, sin (%T) . nmtx nmct
y(z,t) = <F) Z B — sin (T> cos <T)
n=1

Hence

/() - ()5 e

But this is equal to h (given). Hence

on\ . sin’ (mr) % sin <n7r> 2
(—) Z =h= Z =9 which is the last result in Q1]

2
n=1
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3. We use the same series as in Q2. Then, as in Q2, we have (see sketch below):
!

b
2h . /mTx 2h . /mTx
m = 7 :psm( l )dx+m/(l—x)sm( l )dx
0
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Sy (l‘,t) =

oz & Sm (nTﬂb) nmx nct
Z sin ( ) cos ( )

72b (1 — b)

n=1

Putt=0and y = h, x = b to get

sin® (n_7rb) sin? (n_7rb)
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4. e sin30 =sin (20 4+ 0) = sin 26 cos § + cos 20 sin
Now sin 20 = 2sinf cos # and cos260 = 1 — 2sin? 6
. sin360 = 2sinf cos? f + sinf — 2sin®H = 2sin f (1 —sin20) +sinf — 2sin® 0
~.sin30 = 3sinf — 4sin® 6

1
[sin?’ 0 = Zsin@ ~ 1 sin 3(9] (%)

e We are given that

o) = 3 i () s (15
n=1

This satisfies y (0,t) = y (I,t) = 0 for all t, and y (x,0) = 0 for all .

There remains only to satisfy

[e o]

e v () b v () =52 5 ()

From (*) this means

W (5) - o (1) - 5 ()

By inspection (x) , this is satisfied by

7T051 3V 371'053 . -V .

(o B =C)

(*) The same result is of course obtained much more lengthily using integration in the
standard way.
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Since y (0,t) = y (I,t) = 0 for all ¢, and y (z,0) = 0 for all x, we can use the same series as in

Q4, and we need to choose the {3,} so that

0= 5 (75 o ()

5.

l d+a
onmef, L [ . /nmx B . /nmx
- -5_/y(az,O)&n(T)dx—V/sm( 7 >d:v

0 d—a
= B = 2V [cos <7n7r (d= a)) — COS (77”T (d+a))
nmc nm l l
. (nrd\ . /n7wa
avi (T) o (T) .
= —; : — | given result
cm n

(This models a string struck by a “hammer” of width 2a with speed V' centred on the point

r=d.)
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6. e Consider either ring. Since each has zero mass, Newton’s Second Law =
x1 = vertical component of force = +F sin
Sosiny =0at x =0,1

Butw<1:>sinw%tan¢:?:>(%:0 at sz,lJ (%)
x x

Y

x
0 l
0? 1 92
Seek separable solutic.).ns of 873’ = ga—;z of the form y = X (x) T (t).
X" 17T
As in §1.4, — = — — and each side must be constant.
X T

There are three cases:

CASE I]constant > 0 = p? . X" = p*X = X = Acosh (pr) + Bsinh (pz)
() at t=0= B =0,X = Acosh (pz)

() at © =1 = pAsinh (pl) = 0 = A = 0 (sincep > 0) = no motion (REJECT
CASE II|constant =0 .. X" =0,7=0=T=Ct+ D

This is NOT a vibration = (REJECT

constant < 0 = —p? -, X" = —pX | T = —p*32T

. X = Acos(px) + Bsin (px) , T = acos(pct) + B sin (pct)

Jat x =0= B =0,X = Acos(pzx)

) at © =1 = —pAsin (pl) = 0. We get no motion if A =0 (as in CASE I), so sin (pl) =
=pl=nt (n=1,2,...)

[y  cos (15) {an (mft) + fusin (”Tt) B

[Alternately this can be written in the form

t
y = R, cos (#) cos(or sin) <n7;c + ¢n)]

*
*

(
(
0
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o Uy = Cuy (0<2<1,t>0)
u(0,t) =0, u(l,t) = asinwt (%)
u(z,0) =0, u(z,0) =
sin(wzx/c)
sm(wl/c)
Then (uy — ge) = 0 = (v — Vpe) — aw® (o)

|V — Cz’Uxx =0 (A)

Write (z,t) = v(z,t) + asin(wt)

u(0,t) =0=|v(0,t) =0]; u(l,t) = asin(wt) = |v(l,t) = 0|(B)

u(@,0) = 0= [v(z,0) = 0] ; iw,0) = 0 = | i(z,0) = _awis;;izj//g (©)

e Now - see e.g. |2|in §2.2 of Notes - (A), (B) and first of (C) are satisfied by:

- - . (pmxN\ . [ prct
t) = ;apsm (T) sin ( 7 )

e There remains the task of satisfying the second of (C), i.e.

. [WT
[e'¢) s | —
;ap (p_7lTx> sin (p_7lrx) = —awTH EC‘;;

C

l
Using the standard technique, we multiply both sides by sin (g) and [ dz. This gives

l

o (L) L - - / sin () sin (770 de
T\ 2 smwl/c l

0

!
cos +ql7r>x—cos (g_q_w> x] dx
c

aw
©a, =

- <wl)
qmesin 0
c
sm| — +gq sin | — —qm
awl [ c N c ]

gmesin (w_l) (qme + wl) (qgme — wl)
c

_ 2awc (—=1)4
{0T) -

e When w = %, the term a{

c l

= [result given in question for u(x,t)]

) (wx)
sin [ —
7’3[} sinwt and the term in the infinite series with p = 1

w and
sin
c

are undefined. Thus, for w near ?, put



MAS 315 Waves 9 of 9 Answers to Examples Sheet 2

(—1)Psin (@) sin (pWTCt)

(i, t) = (2. 1) + 2ac (me/l) Z

(me/l)? = (p?—1)
w (—1)Psin P2 gin pret
oy e ()

where

T et TC . T . et
zL@t)hm{aan[za*eﬂsm l “*fﬂ 2ac © ¢ +€$n(l)$n<l >}
* ) - l

sin(m + me) B (ZE2[1 — (1 + €)?]

e—0

1 1 1
Now: (i) —————— = —— A (since sinx ~ = when |z| < 1)
e

sin(m + me) sin e
.. (I+¢) 1+e (I+¢) €4 1 1 1
_— _— 1+ 9~ ——1-9Ha ==
B 0707~ 2cre 2c U+3) I+~ —5 ]
oy . [T . (TT enw . (€T T . ML, €T T
(iii) sin [—(1+e)} = sin (—) cos (—)+sm (—) Ccos (—) ~ |sin(—) + —— cos(—) 1
l l l l l l l l
(iv) likewise - see (iii) - sin [WTCt(l + e)} ~ Ein (WTCt) + %Ct oS (WTCt)J
e Thus u,(z,t) = hm{ — ﬁ\m (W—>
e—0 TE l
a (eI T T a (exct\ . (mx wct
_;§< l )Cos(l>sm T Come \ [ Sm<7>cos 1l
a>~y/7mr\ . ([mct a . (mx\ . [wct
+ —sinp<—)smn| — ] + —sin (—) sin [ —
TE ( l ) 2w l ( l ) }
= |u.(x If)—isinﬂsinw—d—g xcosﬂsinﬂ—d—i-ctsinﬂcosw—d
DY l l l l l [ l

(This can also be obtained in other ways, e.g. by L'Hopital’s rule.)
N.B:

The terms in u, in curly brackets are oscillations whose ampl itudes increase either

with x |:ViZ. (—% CoS WTLU> sin Ld] or with ¢ [ViZ. (—CLTCt CoS WTCt) sin %} These are

typical resonant behaviours caused (in this case) by forcing the end z = [ to

oscillate at one of the natural frequencies of the system.




