Use of Fourier Series
GIAN 2016-17

R. Erdélyi
SP2RC, School of Mathematics and Statistics
University of Sheffield

email: robertus@sheffield.ac.uk
web: robertus.staff.shef.ac.uk

With special thanx to .....! =

of
P Sheffeld

R. Erdélyi Use of Fourier Series



Outline

@ Use of Fourier Series
@ Worked Examples
@ Energy

R. Erdélyi Use of Fourier Series



Outline

@ Use of Fourier Series
@ Worked Examples
@ Energy

9 Fourier Transform

R. Erdélyi Use of Fourier Series



Outline

@ Use of Fourier Series
@ Worked Examples
@ Energy

9 Fourier Transform

© 2D Wave Equation
@ Bessel’s equation
@ Appendix A
@ Appendix B

R. Erdélyi Use of Fourier Series



Use of Fourier Series Worked Examples

Energy

Outline

@ Use of Fourier Series

R. Erdélyi Use of Fourier Series



Use of Fourier Series

Worked Examples
Energy

e In § 1.4, we saw that a solution of the PDE for y(x, f)

52 02 .
0237)(}2/ = 871‘-}2/ with  y(0,8) = y(L, 1) =0, (1)

is Eq (1.24), viz.
y(x,t)=> sin (nLLX> [an cos (mth>

n=1
+ Bpsin (mzctﬂ . (2

Eqg. (2) is in fact the general solution of (1).

Our aim is ’
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e In § 1.4, we saw that a solution of the PDE for y(x, f)

52 02 .
0237)(}2/ = 871‘-}2/ with  y(0,8) = y(L, 1) =0, (1)

is Eq (1.24), viz.
y(x,t) = Zsin (nLLX> [an cos (mth>

n=1
+ Bpsin (mzctﬂ . (2

Eqg. (2) is in fact the general solution of (1).

Our aim is to show how the constants {«,} and {8,} can be
determined, and to indicate some extensions. ’lﬁl‘?
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Importance of ICs

e The constants {a,} and {5,} are determined uniquely by the
initial conditions, i.e. the value of y(x,0) and y(x,0) (or, more
generally, by the values of y(x, &), y(x, tp) for any &). In any
particular motion, the values of y(x,0) and y(x, 0) can be
chosen independently of one another.
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Importance of ICs

e The constants {a,} and {5,} are determined uniquely by the
initial conditions, i.e. the value of y(x,0) and y(x,0) (or, more
generally, by the values of y(x, &), y(x, tp) for any &). In any
particular motion, the values of y(x,0) and y(x, 0) can be
chosen independently of one another.

e We note from Eq. (2) that

i";(””f>sm<":*>
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e Thus, from Egs. (2) and (3)
= _nTx
y(x,0) = ) apsin <T) , (4a)

y(x,0) = iﬁn (?) sin
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Example 1: Plucked string with length L

Find {an}, {Bn} for the case of a plucked string of length L, with
its ends fixed, released from rest when the midpoint is drawn
aside through a distance h. Thus

y

0 L/2 L x
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Example 1: Plucked string with length L

Find {an}, {Bn} for the case of a plucked string of length L, with
its ends fixed, released from rest when the midpoint is drawn
aside through a distance h. Thus

y

0 L/2 L x

y(X,O) =
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Example 1: Plucked string with length L

Find {an}, {Bn} for the case of a plucked string of length L, with
its ends fixed, released from rest when the midpoint is drawn
aside through a distance h. Thus

y
I
0 L/2 L X
2hx (0<x<lL)
0= { B GiiasD ©

and
y(x,0) =
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Example 1: Plucked string with length L

Find {an}, {Bn} for the case of a plucked string of length L, with
its ends fixed, released from rest when the midpoint is drawn
aside through a distance h. Thus

y
I
0 L/2 L X
2hx (0<x<lL)
0= { B GiiasD ©

and
y(x,0) =0.
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Solution

e Comparing Egs. (6) and (4b), we can reconcile them by taking

Bn = - (7)
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Energy

Solution

e Comparing Egs. (6) and (4b), we can reconcile them by taking

Bn =0. (7)

It remains to reconcile Eqgs. (5) and (4a). The key is to multiply
Eqg. (4a) by

R. Erdélyi Use of Fourier Series



Use of Fourier Series Worked Examples

Energy

Solution

e Comparing Egs. (6) and (4b), we can reconcile them by taking

Bn = 0. (7)
It remains to reconcile Eqgs. (5) and (4a). The key is to multiply
Eqg. (4a) by
sin (—mﬂx)
L

and integrate from x = 0to x = L. Thus
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Solution

e Comparing Egs. (6) and (4b), we can reconcile them by taking

Bn = 0. (7)
It remains to reconcile Eqgs. (5) and (4a). The key is to multiply
Eqg. (4a) by
sin (—mﬂx)
L

and integrate from x = 0to x = L. Thus

/OL y(x,0)sin (#) dx =

L
. /mmx\ . /nTXx
E an/ sin (—) sin (—) ax. (8)
0 L L ED S
n=1 .5 Bela.
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Technical lemma

e Consider /,n, where

Imn = /OLsin (?)sn

How to proceed with the evaluation of /,,?
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Technical lemma

e Consider /Iy, Where
L mrx nrx
/:/sinsndx. 9
m= [ sin (=) sin (7) ©

How to proceed with the evaluation of /,,?

Now we need to linearise the integrand

sinAsin B =
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Technical lemma

e Consider /Iy, Where
L mrx nrx
/:/sinsindx. 9
m= [ sin (=) sin (7) ©

How to proceed with the evaluation of /,,?

Now we need to linearise the integrand

sinAsin B = %[oos(A — B) — cos(A+ B)]
for V. A and B, so the integrand in Eq. (9) is

% [COS <(m _Ln)ﬁx> " cos <(m —I—Ln)7rx>] |
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Technical lemma: Evaluate /,,

[ |sin (7(’"1")”) sin (7(’”1”)”) ‘
mn = 5 (m—n) — (m+n) -
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Technical lemma: Evaluate /,,

mn = 5 (m—n) — (m+n)

/ [sin (7(’"_[7)”) sin (7(’”1”)”) .
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Technical lemma: Evaluate /,,

mn = 5 (m—n) — (m+n)

/ [sin (7(’"_[7)”) sin ((’”JT)WX)] L
0

1 [t 2mmx
Im"_Z/o [1—003( i >]dx
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Technical lemma: Evaluate /,,

L

/ [sin (7(’"_[7)”) sin ((’”JT)WX)] L
0

mn = 5 (m—n) — (m+n)

1t 2mmrx L
Im,,_z/o [1—003( i >]dx_2.
m=n (10

lrnn = { m # n. (&

L 3
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Formula for {am}

¢ Hence the RHS of Eq. (8) reduced to éam, and Eq. (8) can be
then rewritten

2 [t . /mmx
am = /-/o y(x,0)sin (T) ax, (11)

where Eq. (11) is a general formula.
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Formula for {am}

¢ Hence the RHS of Eq. (8) reduced to éam, and Eq. (8) can be
then rewritten

2 [t . /mmx
am = /-/o y(x,0)sin (T) ax, (11)

where Eq. (11) is a general formula.

In our particular case, use of Eq. (5) gives
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Formula for {a} for Example 1

ah (Y2 mrx 4h [t . /mmx
am = 1_2/0 X sin (T) dx+L2/L/2(L—x)sm (T) ax,

— o s ()] s (T
L4rrf7,77 { [—(L — Xx) cos (mzxﬂi/z — /sz cos (?) dX} ;
_ 727hcos(m7r) 2h <m7r>+47h . (mﬂ)

— COS
mm 2 + mm 2
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Formula for {a,} and solution for Example 1

Thus

8h(—1)°
w2 (2p+1)2

_{ 0 (m = 2p)
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Formula for {a,} and solution for Example 1

Thus
am:{o (m = 2p) (12)

SetE  (m=2p+1).

e Use of Egs. (7) (Bm) and (12) (am) upon substitution into
Eqg. (2) gives the

Time-dependent full solution of a plucked oscillating finite }
string:
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Formula for {a,} and solution for Example 1

Thus
am:{ 0 (m = 2p) (12)

SetE  (m=2p+1).

e Use of Egs. (7) (Bm) and (12) (am) upon substitution into
Eqg. (2) gives the

Time-dependent full solution of a plucked oscillating finite }
string:

yix, ) = o i Vi sin<(2p+1)”">

*ﬁpzo(sz)Z L

« coS ((2,0 +L1 ymct .
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Example 2: Initially moving string

Quest

Find {an}, {Bn} for the case of a string of length L, given that
Eqg. (1) holds and in addition

y(x,0)=0
and

y(x,0) = 4Vx(L - x)/L2.
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Solution

e Determine ap: J

In this case y(x,0) =0 =
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Solution

e Determine «p: )

In this case y(x,0) =0 =

e Determine 3,: J

Then from Eq. (4b) =

Lavx(L—x) . /mmx
/0 /2 sin ( ) dx =
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Solution

e Determine «p: )

In this case y(x,0) =0 =

e Determine Gp: J

Then from Eq. (4b) =

/OL 4Vx(L — x) sin <m7rX) dx = B (@) L

L2 L L2’

using the same technique that leads from Eq. (8) to Eq. (11). & &
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Solution: Determining {a,} and {5,}

Hence

Bmm _ 4v [ L <m7rx>]

=
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Solution: Determining {a,} and {5,}

fm = mQSZcL{[ LTI‘(L 2x)sin (mzx)]

m7rx
+/ X}a
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Solution: Determining {a,} and {5,}

8V L _rmrxy ]t
Pm = m27r2cL{[m¢r(L2X)S|n (L)]

+§7§T /OL sin (@) dx} )

aerss 12 ("),

[ = Jp—-
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Solution: Determining {a,} and {5,}

8V L . /mmx
bm = Rr?cL { [mTr(L 2x)sin (L)]

+§7§T /OL sin (@) dx} )

- IS o (7))

mir4c L /1L
16 VL
= el ~
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Solution: Summary for Example 2

Thus

0 (m = 2p)
= 15
O { 7r4c?§;\3/i1)4 (m=2p+1)° (19)

and so

y(x,t):32VLZ( 1 sin ((2p+L1)7rx>
0

x sin ((2p+1)7TCt> (16)

e o 2p+1)*

L

Compare the rates of fall-off with p of the coefficients in
Egs. (13) and (16).
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Reformulate the general solution

e Consider a string occupying 0 < x < L with y(
y(L,t) = 0, and consider the normal mode Eq. (1.2

. /nmx nmct . nwct
y =s8sin (T) «pn COS T + 5n SIn T .
We rewrite this in the form (with A, > 0, 0 < e, < 27):

y:Ancos{nTth—l—en}sm(an). (17)

In Eq. (17) A, is the amplitude and ¢, is the phase.

)

—LO
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Reformulate the general solution

Note: J

Ancos{nmct/L+ep} = Apcosencos(nrct/L)
— Apsinepsin(nrct/L)

so Egs. (1.24) and (17) are the same provided

An CcOos €n = an, An Sln €n = _/Bn.

A2(cos? e, + sin e,) = a2 + (32

An:‘i_\/a%‘i_ﬂ%, tanﬁn:_ﬂn/an.
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Kinetic energy T,

e By Eq. (1.7), the kinetic energy T, associated with Eq. (17) is

(750 i { M2t b [ (75) o,

’
To=50An
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Kinetic energy T,

e By Eq. (1.7), the kinetic energy T, associated with Eq. (17) is

1 o nme\2 ., [ nmct L 5 /nmnx
=
2212 N2
_pmectnAL . o [ nmct
Tn—74L Sin {L +€n}~ (18)
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Potential energy V,,

Likewise, by Eq. (1.8), the potential energy V,, associated with
Eq. (17)is

1 0 /nm\2 [ nmct L 5 /nmx
Vi EFA” <T) cos {L +en}/o cos <T) dx,

Fr2n?A2  , ( nrct
= T CcOos T + €ng¢ -

From Eq. (1.6) F = pc?, =
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Potential energy V,,

Likewise, by Eq. (1.8), the potential energy V,, associated with
Eq. (17)is

1 0 /nm\2 [ nmct L 5 /nmx
Vi EFA” <T) cos {L +en}/o cos <T) dx,

Fr2n?A2  , ( nrct
= T CcOos T + €ng¢ -

From Eq. (1.6) F = pc?, =

2 A2 2 A2
_ prectntA; o [ nmet
V”_74L CoS {L +eny. (19)
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Total modal energy E,

The total modal energy therefore E, = T, + V,, is given by

2212 N2
prec A pL nrwc
== n— o WA wp= - (20)

where wp, is the angular frequency of this normal mode.

En

= E, x A2 and E, x w?

n-

Note: E, « A2 indicates that a much bigger proportion of the
total energy is contained in the first few modes of, say, Eq. (16)
than in the same number of modes of, say, Eq. (13).

Check it! |
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Total energy E

e Now consider the general motion given by Eq. (1.24).

Recall the lemmae! J

Because, for m # n,
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Total energy E

e Now consider the general motion given by Eq. (1.24).

Recall the lemmae! J

Because, for m # n,

/OL sin (#) sin (nLLX) dx = 0

/OL cos (@) cos (HLLX) dx = 0,

(the first leads to Eq. (10b) and the second is proved likewise),
it follows immediately that o
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Total energy E

n=1 n=1
Vv = i V, = prec? inzAzcos2{ 7Td+e }
n=1 " 4L n=1 ! L S
E - Tiv=/"C inZAZ 1)
41 — n
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Total energy E of the plucked string

e Apply to Example 1 (plucked string). From Eq. (12) we have

A2n = 0
8h

A2n+1 7T2(2n+ 1)2

Thus, from the last of Eq. (21),

E =

R. Erdélyi Use of Fourier Series



Use of Fourier Series Worked Examples

Energy

Total energy E of the plucked string

e Apply to Example 1 (plucked string). From Eq. (12) we have

A2n = 0
8h

A2n+1 7T2(2n+ 1)2

Thus, from the last of Eq. (21),
_ prPc? N 64(2n+ 1)2h2

4L L p@n 1)t

E

and thus =
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Total energy E of the plucked string

e Apply to Example 1 (plucked string). From Eq. (12) we have

A2n = 0
8h

A2n+1 7T2(2n+ 1)2

Thus, from the last of Eq. (21),
_ prPc? N 64(2n+ 1)2h2

4L L p@n 1)t

E

and thus =

16ph°c? 1
E = . 22
m2L — (2n+1)32 (

R. Erdélyi Use of Fourier Series




Use of Fourier Series Worked Examples

Energy

Total energy E of the plucked string

Amazingly it turns out that we can evaluate the infinite series in
Eq. (22) by using Eq. (13), the time-dependent oscillatory
solution!

We are given that y(L/2,0) = h (see Eq. 5).
Thus, putting x = L/2 and t = 0 in Eq. (13), we find

8h (—1)" _ [(@n+1)r
772n_0(2n—|—1)28m[ 2 ]
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Total energy E of the plucked string

Amazingly it turns out that we can evaluate the infinite series in
Eq. (22) by using Eq. (13), the time-dependent oscillatory
solution!

We are given that y(L/2,0) = h (see Eq. 5).
Thus, putting x = L/2 and t = 0 in Eq. (13), we find

_ B8h o (2n+1)x
h = 72 2n+1 { 2 ]

BN (1) x (— 1)

- 72 (2n+1)2
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Total energy E of the plucked string
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Total energy E of the plucked string

1 > m
B A AT M=) S

and the total energy, Eq. (22), becomes

2 ~2
=200 (24)J
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Total energy E of the plucked string

We can check this result from the initial conditions when
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Total energy E of the plucked string

We can check this result from the initial conditions when

T=0
and
1 Lz r2m\? Lo/—2h\? 2FH
v e[ Y e [ (2) ] -
2 |Jo \L e\ L L
B 2ph?c?
= =,

using Eq. (1.8). Thus
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Total energy E of the plucked string

We can check this result from the initial conditions when

T=0
and
1 L2 r2n\2 L /—2h\? 2Fh?
[ [ )
2 0 L 12\ L L
B 2ph?c?
= T
using Eq. (1.8). Thus
2ph?c?
E ’t:O =0+ L . o
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Fundamental frequency, overtones,...

¢ As a matter of fact, this worked example corresponds quite
closely to a violin string plucked at its mid-point.
The fundamental frequency, or pitch, is

el _ ¢
L2r 2L
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Fundamental frequency, overtones,...

¢ As a matter of fact, this worked example corresponds quite
closely to a violin string plucked at its mid-point.
The fundamental frequency, or pitch, is

mel _ ¢

L2r 2L

but overtones are generated with frequencies

3¢ 5c

2L 2L’
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Fundamental frequency, overtones,...

¢ As a matter of fact, this worked example corresponds quite
closely to a violin string plucked at its mid-point.
The fundamental frequency, or pitch, is

mel _ ¢

L2r 2L

but overtones are generated with frequencies

3¢ 5c

2L 2L’

The note heard by a listener depends on the amplitudes of the overfones; the note is
not pure but the (relatively) rapid fall-off of the amplitudes means that the note is purer
than that of many musical instruments, particularly the piano.

If the string had been bowed at some other point than its center, the amplitude of the
overtones would have been different and thus tone would have been changed.
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Fourier Transform

Fourier Transform

Series like Egs. (4a) and (4b), and (perhaps!) Egs. (13) and
(16) are known as Fourier Series after the great French
scientist and mathematician (Jean Baptiste) Joseph Fourier
(1768-1830).

The methods used in this chapter are capable of extension in
many different directions. The only one | want to draw attention
to here is the following. We have seen Eq. (1.17) that

& = Aexp[ik(x — ct)]

is a solution of the 1D wave equation for any value of the
constant k.
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Fourier Transform

So therefore is

A(k) explik(x — ct)]

for any function A(k) and, also,

/OC A(K) explik(x — ct)] k.

This leads/is related to Fourier Transforms or Fourier Analysis.2

2You might enjoy looking at “Fourier Analysis” by T.W.Kévner, CUP (1988).
= X o




Bessel's equation
Appendix A
2D Wave Equation Appendix B

Outline

© 2D Wave Equation
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Bessel's equation
Appendix A
2D Wave Equation Appendix B

Governing equation in Cartesian geometry

Consider a membrane, e.g. the surface of a drum. Let (x, y)
denote position in the membrane and z = z(x, y, t) be its
transverse displacement. It can be easily shown that the
governing equation for z is

%z L, (0%z 0°z
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Governing equation in Cartesian geometry

Consider a membrane, e.g. the surface of a drum. Let (x, y)
denote position in the membrane and z = z(x, y, t) be its
transverse displacement. It can be easily shown that the
governing equation for z is

%z L, (0%z 0°z

Solution = MSV )

We can find separable solutions - see § (1.4)- of the form
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Bessel's equation
Appendix A
2D Wave Equation Appendix B

Governing equation in Cartesian geometry

Consider a membrane, e.g. the surface of a drum. Let (x, y)
denote position in the membrane and z = z(x, y, t) be its
transverse displacement. It can be easily shown that the
governing equation for z is

%z L, (0%z 0°z

Solution = MSV )

We can find separable solutions - see § (1.4)- of the form

z=X(x)Y(y)T(1).
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Governing equation in cylindrical geometry

But for a drum it is more natural to use polar coordinates (r, 6)
with

X =rcosf, y=rsind

when Eq. (25) becomes (for details see Appendix A at the end)
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Governing equation in cylindrical geometry

But for a drum it is more natural to use polar coordinates (r, 6)
with

X =rcosf, y=rsind
when Eq. (25) becomes (for details see Appendix A at the end)

02z  L[10 [ 0z 102z
oz = ¢ [rar (far) +r2692} (26)
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Normal modes in cylindrical geometry

Solution = MSV J

As in § (1.4) we seek separable solutions of the form
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2D Wave Equation Appendix B

Normal modes in cylindrical geometry

Solution = MSV J

As in § (1.4) we seek separable solutions of the form

z=R(r)e(0)T(1),

but we shorten the process by looking for normal modes with
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Normal modes in cylindrical geometry

Solution = MSV J

As in § (1.4) we seek separable solutions of the form

z=R(r)e(0)T(1),

but we shorten the process by looking for normal modes with

T x et
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Normal modes in cylindrical geometry

Solution = MSV J

As in § (1.4) we seek separable solutions of the form

z=R(r)e(0)T(1),

but we shorten the process by looking for normal modes with

T o et
=
d [ dR d?0 w? ,
© [rdr (r(),r)] + RW = —?r RO
=
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Fourier decomposition in ©-direction
17 d [ dR 1d%0 L,
L P e - 7
R[rdr(rdr>]+@d02+k 0, (27)
where
w
_“ 2
k=~ (28)
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Fourier decomposition in ©-direction
1] d [ dR 1020 ,,
—lr=(r=2 = = 27
R[rdr(rdr>]+@d02+k 0, (27)
where
w
== 2
k== (28)
e Suppose |
100 const := —n?
O dz o
=
0 x e.
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Bessel’s equation of order n

In practice, we must have

O(f) =00 +2r)=nec N*

The equation for R becomes
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Bessel’s equation of order n

In practice, we must have
O(f) =00 +2r)=nec N*
The equation for R becomes
rPR" + rR' + (kr> — i*)R =0,

and the change of variable £ = kr gives
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Bessel’s equation of order n

In practice, we must have

O(f) =00 +2r)=nec N*
The equation for R becomes
rPR" + rR' + (kr> — i*)R =0,
and the change of variable £ = kr gives

2
2:;: + 5dR (€2 - n?)R =0. (29)

This is known as Bessel’s equation of order n.

§
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Standing modes

Rotational symmetry J

We now consider only the case n = 0 = no 6 variation! The
only solution of Eq. (29) that is bounded at r = 0 is
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Standing modes

Rotational symmetry J

We now consider only the case n = 0 = no 6 variation! The
only solution of Eq. (29) that is bounded at r = 0 is

R o< Jo(§) = Jo(kr), (30)
(see Appendix B).
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Standing modes

Rotational symmetry J

We now consider only the case n = 0 = no 6 variation! The
only solution of Eq. (29) that is bounded at r = 0 is

R o Jo(§) = Jo(kr), (30)
(see Appendix B).

Boundary condition J

Assume, as with a drum, that the membrane is fixed at

r=a=R=0whenr=a=

Jo(ka) =
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Standing modes

Rotational symmetry J

We now consider only the case n = 0 = no 6 variation! The
only solution of Eq. (29) that is bounded at r = 0 is

R o Jo(§) = Jo(kr), (30)
(see Appendix B).

Boundary condition J

Assume, as with a drum, that the membrane is fixed at

r=a=R=0whenr=a=

Jo(ka) =0 = k =
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Standing modes

Rotational symmetry J

We now consider only the case n = 0 = no 6 variation! The
only solution of Eq. (29) that is bounded at r = 0 is

R o Jo(§) = Jo(kr), (30)
(see Appendix B).

Boundary condition J

Assume, as with a drum, that the membrane is fixed at

r=a=R=0whenr=a=

Jo(ka):o;»k:%’”

where A\, is the m-th root of Jy(€).
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Standing modes: Superposition

e Thus

z=Amnd ()\Zr> glimet/a

and the general solution, independent of 0, is

> AmP\
z=> Amdo <:> ghmet/a (31)

n=1
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Standing modes: Superposition

e Thus
z=Amnd (A,;J) glimet/a

and the general solution, independent of 0, is

> AmP\
z=> Amdo (:) ghmet/a (31)

n=1

Find {Am} by similar methods to those in § (2.2). (Note, there is
an orthogonality relationship.)
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Deriving 2D cylindrical wave equation

X = rcosé, y =rsind

Zr —
Zy =

ZX ==
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Deriving 2D cylindrical wave equation

X = rcosé, y =rsind

Zr = cosfzx +sinfz,

zg = —rsinfzy +rcosbz,
ZX ==

Zy =
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Deriving 2D cylindrical wave equation

X = rcosé, y =rsind
Zr = cosfzx +sinfz,
zg = —rsinfzy +rcosbz,
sind
Zy = C€0S6z — ng)
. cosf
zy = sinfz + Zp
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Deriving 2D cylindrical wave equation

0 sinf 0 sinfé
ZXX - COSs 07 — = cos 92r - TZ

> cosdsind cosfsind
0z + 2 Zy — P Zrg

sin® g sinfcos 6
Zr — —Zr9
r
sin® cos 0 sin? 0
2 T

B 25 sin?9 _ sin?4
= C0S" 0z + p Zr + e

2cosfsinfd 2cosdsing
- r2 Zro r2

R. Erdélyi Use of Fourier Series
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Deriving 2D cylindrical wave equation

Likewise, after algebra:

. 5 cos? 6 cos? 0
Zyy, = sin“0z;, + Zy 2 Zpo
2cosfsing 2cosfsing
Therefore
Zxx + Zyy Zrr + =2Zr + r722997
10 (rzr) + ! Z
rort T 2

R. Erdélyi Use of Fourier Series



Bessel's equation
Appendix A
2D Wave Equation Appendix B

Bessel function J,

@ y=Js(x) (n=0,1,2,..)is a solution of Bessel’s
equation of order n. This is (see Eq. (2.29) in Notes):

X2y +xy' + (X2 —n?)y =0.
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Bessel function J,

@ Jy(x) is the Bessel function of order n defined precisely
by the infinite series

an+2p
Jn(X Z 2n+2p pl n + p)

This can be shown to satlsfy Bessel's equation.

@ The general solution of Bessel’s equation of order nis
unbounded as x — 0. The most general solution that is
bounded as x — 0 is y = AJn(x) where A is an arbitrary

constant.
@ As the sketches illustrate, J,(x) has an infinite number of
Zeros. =
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Bessel function J,

@ As the sketches illustrate, J,(x) has an infinite number of
zeros.

@ Let oy be the mth zero of Jy(x). To good approximation

a1 = 2405, ap=5.520, a3 =238.654

am ~ (m— l) 7w forlarge m

R. Erdélyi Use of Fourier Series
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